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Summary

The differential equation governing radiation trapping has been inte-
grated numerically for a system with cylindrical symmetry and pulsed exci-
tation. Calculated trapping times at large optical depths are in satisfactory
agreement with experimentally measured values. When quenching is included
the trapping times T derived from the phase-shift of the fundamental com-
ponent of the fluorescence obey a Stern—Volmer equation of the form
To/T =1+ k Ty[Q]. The analogous Stern—Volmer equation for Iy/I, where
I is either the steady-state intensity or the amplitude of the fundamental
component of the fluorescence, is also quite well obeyed.

Introduction and Theory

In a previous communication [1] some useful qualitative conclusions
were drawn from numerical studies of the quenching and trapping of reso-
nance radiation in systems of very large optical depth, with a modulated
exciting beam. Interest was centred on the effect of quenching on the
phase shift between the fundamental components of the exciting beam and
the fluorescence. The present paper describes the results of improved nu-
merical calculations of the same type; the calculations have now progressed
to the point at which significant quantitative comparisons can be made with
experimental data.

The basic differential equation to be solved is [2 - 5] :

aU(r)
YR Lis(r) — [A +QJU(r) + fA-U(r')G("', r)dr’ (1)

where U(r) is the concentration of excited species at the point defined by

the vector r, I,,,(r) is the rate at which photons are absorbed from the excit-
ing beam at r, A is the Einstein coefficient for spontaneous emission of reso-
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nance fluorescence (other forms of radiative deactivation being assumed ab-
sent), @ is the pseudo-first order rate constant for the quenching reaction,
and G(r', r) is the probability that a photon emitted at r' will be absorbed
at r. The integration extends over all space. In addition to absorbing radia-
tion which has been emitted at r', atoms at r will also emit radiation which
is subsequently absorbed at r'. Provided the concentration of ground state
atoms is the same at r and ', i.e. both points are inside the fluorescence cell,
G(r', r) is symmetrical, and the net rate of internal radiative transfer from
all points r' to r is:

AflUE)— UM Go' rar 2)

where the integration is now limited to the volume of the cell. For points
outside the fluorescence cell transfer can be assumed to be entirely one-way,
and the remainder of the —A.U(r) term of egn. (1) can be set equal to:

—A Ty(r)U(r) (3)

where the loss term T'(r) is the probability that a photon emitted at r will
escape from the cell. Equation (1) can now be written:

oU(r) . , , ,
EYRl Las(r) — [@ +A. Ty ()] U(r) + Af [U@) —Um1G(r, rdr (4)

When this equation is changed into a form suitable for numerical solution
the result is:

Uk
: =Ix, — [Q + Tkrl Ukr, + 2, [Unn — U] Gkrmn (5)
ot MN
where
GkLmn = A G(ra) RxLMnOxLmn/47 (6)

Here indices K and L are used to label the volume element to which U, I and
T (which now incorporates the factor A) apply, and Gk my is the rate coef-
ficient for radiative transfer from volume MN to a point in volume KL. G(ry)
is the probability that a photon emitted in volume element MN is absorbed
in a unit length of element KL; elements KL and MN are an average distance
rov apart. Of the other quantities in eqn. (6) Rxymn is the average thickness
of element MN along a line drawn from the element KL, and Oy is the
solid angle subtended by the element MN from a point on element KL. In
order to restrict the array Ggymn to four dimensions rather than six, we
consider the case of a cylindrical fluorescence cell with an axial exciting
beam. Each volume element, except for the central elements which are
cylindrical, is then an annulus specified by a radial coordinate x and an
axial coordinate z. Within an element U is constant. The best arrangement
for approximating to a smooth spatial distribution of U is one in which the
annuli are smallest where the gradient of U is largest. At present the annuli



409

decrease in size towards the cell end windows and side walls. In most of the
calculations the cell has been divided by ten radially and fifteen axially,
giving a total of one hundred and fifty elementary volumes. In a cell of
diameter 3.0 cm and length 3.5 cm the smallest element had radial thickness
0.0200 cm and depth 0.0158 cm, while the largest was a cylindrical ‘“‘core”
element of radius 0.200 cm and depth 0.41 ¢m.

Integrating eqn. (6) from ¢ to ¢ + At, with the internal transfer rate
> [Umn — UkL] Gkrmn held constant, gives:

N

M
AUgy= Ugp(t + At) — Ugr(t) = {Ixr + 2 (Ugr— Unn) GxrLmn]/
MN

[Ty, + Q1 — Uk ()11 —exp (— [Tk, + Q1AD} (7)

Using eqn. (7), the time evolution of Uy, can be followed from ¢ = 0 until
the steady state is reached, after which Uy, remains constant until some
predetermined time at which all Iy, are set equal to zero and the concen-
tration of excited species begins to decay. In this way the response of the
system to a square-wave excitation pulse is simulated. The output fluores-
cence intensity along a radius specified by parameter L is calculated from
the equation:

Tow(L) = 4:, (T + T%) Ugp 8k (8)

where Tk is the rate coefficient for escape of photons in a radial direction
from the near side of annulus KL, and T is the corresponding coefficient
for escape in the same direction from the far side of annulus KL; g,k is

the radial thickness of the annulus. The expression for I, includes no solid
angle factor because with any practical detector there will be a cone of
acceptance such that the increasing divergence of the cone will compensate
for the decreasing solid angle subtended by the detector as the light source
moves further away. In the current version of the computer program values
of I,,; are calculated at three preselected values of L at each time step and
stored for subsequent Fourier analysis.

Evaluation of the I, G and T parameters in egns. (7) and (8) involves
making use of the basic theory of resonance absorption and line broadening.
The contour of the unreversed line emitted by hot atoms in the source lamp
has been calculated by numerical integration of equation (101) of Mitchell
and Zemansky [6]:

koa = e ¥ dy
k,=— —_— 9
w 7 —f 0[2 + (w __y)2 ( )
where the peak “Doppler-only’ absorption coefficient k¢ is given by:
2 [(In2\* A3
ko = — ) o (82 Nlg\7) (10)
Avp s 8n

and the Doppler width Avp is given by:
Avp = 2(2 In 2)*(RT/M)" ve/c (11)
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Here vo (= c/)o) is the centre frequency of the line, N is the number of fluo-
rescers of atomic mass M per cm?, g, and g, are the degeneracies of the
ground and excited states, and 7 (= 1/A4) is the radiative lifetime of the ex-
cited state. The parameters w and « are defined by:

w =2(In 2)"” (v — vy)/Avp (12)
and

a = (In 2)” (Avy + Avp)/Avp (13)
The natural linewidth Avy is given by:

Avy =1/277 (14)
and the Lorentz width Avy, by:

Avy, =Zy|n (15)

The frequency of Lorentz-broadening collisions is given by:
Zy, = of Ni (8nRT/u)" (16)

where y is the reduced mass of the emitter and its collision partner, whose
concentration is N, per cm®. For most of the present work the Lorentz
cross-section 0% was given a “typical” value of 6 X 10715 cm?. For self-
broadening by argon the cross-section was taken as 1.14 X 10~ cm?, which
is the value calculated by using the equation of Weisskopf for Holtzmark
broadening, as quoted by Mitchell and Zemansky, at 300 K.

The exciting lamp intensity at a given w was taken as k, multiplied by
an arbitrary factor of 10'2, The lamp output was allowed to be attenuated
by a filter layer having a lower temperature and Doppler width, before en-
tering the fluorescence cell which was assigned a still lower temperature.
This is a realistic model of the usual experimental situation®. Within the cell
at a point a distance z along the axis the absorption rate for the component
of frequency specified by w was calculated as:

Yoo g1 k 17

dz wiw eXP( wz) ( )
where I, is the intensity of light transmitted by the filter at this frequency.
The value of Ix;, at a point in annulus KL (assumed to be within the excit-
ing beam radius) was obtained by integrating the right hand side of eqn. (17)
over dv, using Simpson’s rule and the relation dw = 2(In2)"” dv/Avp.

To obtain T}, T and Tk the rate coefficient for emission of a photon
by an excited atom followed by transmission a distance y without being
absorbed was calculated, for twenty-five values of y, as the integral

2A

o= e

[ ke e Fer do (18)
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This integral was also evaluated using Simpson’s rule. For y = 0 this typically
gave T = 1.001 instead of the expected value 1.000. Similarly, the rate co-
efficient for photon emission and re-absorption after travelling a distance y
was calculated as the integral:

o4 =
GO)= o [ k% eRwvg 19
0)= of 2 e w (19)

Values of T and G at particular distances required by the problem were then
able to be obtained by linear interpolation in tables of G versus y®and T
versus y® where b = a + 1. The exponent a (typically — 1.7) was obtained as
the slope of the least squares line in a plot of log G versus log y. In this way
T}, and T}, of eqn. (8) were obtained directly.

The value of Tk, was obtained by interpolation as the value of T at
y?=rb,, where rl, is an average value of r%, r being the distance from a point
on ring KL to the cell wall. Six values of r were obtained as the lengths of
vectors directed towards the walls along three perpendicular axes, one axis
being parallel to the axis of the fluorescence cell. Eight further values of
r® were obtained from the lengths of vectors directed towards the corners
of a cube centred on the point in ring KL and having two of its faces paral-
lel to the end windows of the cell. These eight values of r® were given a
weighting factor of 0.75 when r8, was calculated.

To calculate rg, for interpolating in the table of GG values four vectors
were taken from a point on ring KL to points evenly spaced around ring
MN, and the resulting four values of r® were averaged. This gave a value for
the factor AG(r,) in eqn. (6). Because of the large number of elements to
be calculated for the Gk, array it was necessary to keep the number of
steps involved in determining r,, to a minimum. The solid angle factor was
approximated by the expression:

OxLmn/4m = 0.25(8.nAx gy + Exm AZLN)XM/TS, (20)

where xy; is the average radius of annulus MN, g, is its thickness in the di-
rection of the cell axis, g, is its radial thickness, Axgy is the radial dis-
tance and Azp y is the axial distance between rings KL and MN. For the
effective thickness R g, qn the smaller of the two values:

&xmTav/ AXkM (21)
or

&NTav/AZLN 22)
was used.

The calculations were collected together as a Fortran program which
was run on the Oxford University ICL 1906A machine, using 64k of store
and taking about four minutes to evaluate the I, G, and T arrays, carry out
the integration of eqn. (5) over several hundred time steps, and perform
Fourier analyses of the three calculated fluorescence signals.
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Fig. 1. (a) Representative steady-state concentration profiles for excited cadmium atoms
with no quencher present: [Cd] = 2.5 x 10'% em™%; ko=1.171x 103 em™. Curves
marked with distances from input window. (b) As in (a), for argon: [Ar] = 2.0 x 1016
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Fig. 2. (a) Decay of Cd 228.8 nm fluorescence with no quencher present. [Cd] = 2.5 X
101 em” 2. Distances from input window marked on curves. Duration of time step = 3 X
107 8. (b) As in (a) but for argon, [Ar] = 2.0 X 1018 ¢m™ 2. Duration of time step [= b X

10 's.
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Results and Discussion

General form of the results

Some representative concentration profiles for excited species are shown
in Fig. 1 and some typical fluorescence decay curves are plotted in Fig. 2.
Even when the optical depth is very great it is apparent that the bulk of the
excited atom population is located along the path of the exciting beam, and
that the greater part of the fluorescence escaping from the cell comes from
the region that is illuminated by the incident beam; the region between the
beam and the cylinder wall acts mainly as a trapping filter. For the cadmium
fluorescence (ko ~ 102 cm™1) departures from exponential decay are just
noticeable when the viewing point is close to the top or bottom end of the
cylindrical cell, but are not detectable when the viewing point is at the centre of
the cell. For the argon fluorescence (kg ~ 10° cm™!) an initial fast transient
is followed by exponential decay. The trapping times calculated from phase
shifts effectively average these fast and slow decays.

Effects of grid size, filter layer depth, time step duration and boundary
conditions

Except near the cell boundaries there appears to be very little differ-
ence between the results calculated using a 6 X 9 grid (6 radial divisions,
9 axial) and those calculated using a 10 X 15 or larger grid. This point is
illustrated in Fig. 3. Therefore the results described here, which were mainly
obtained using a 10 X 15 grid, are not expected to suffer from errors owing
to there being an insufficient number of grid points.

The effect of filter depth is summarized in Table 1. The results show
that varying the filter depth has a marked effect on the steady-state intensity
of fluorescence but has very little effect on the trapping time or fluorescence
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Fig. 3. Dependence of decay rate on distance from the point of entry of the exciting
beam. Results calculated with no allowance for losses through the beam exit window.
Open circles are points obtained using a 6 X 9 grid; closed circles are values calculated
using a 10 X 15 grid. System: Cd 228.8 nm fluorescence quenched by nitrogen.
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TABLE 1

Effect of filter thlckness Results for cadmium 228.8 nm radiation partially quenched by
No. (Q=3.6 x 10° 571 Results at three different viewing positions are shown 2.3226(12) =
2.83226 X 10" Decay rates derived from calculated phase shifts at fundamental modulation
frequency.)

Filter thickness Intensity, steady Decay rate (s_l)
(cm) state
0.05 4.6147 (12) 5.9642 (6)
8.7401 (11) 2.7192 (6)
1.6498 (11) 5.7753 (6)
0.50 2.3226 (12) 5.9579 (6)
7.15624 (11) 2.7268 (6)
1.5497 (11) 5.7980 (6)
5.00 2.0203 (12) 5.9092 (6)
2.2490 (11) 2.7365 (6)
7.1226 (10) 5.8407 (6)
70 N
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Fig. 4. Dependence of calculated decay rates on NIT, the number of time steps used in
reaching the steady state intensity. Data for Cd 228.8 nm fluorescence at different dis-
tances from the point of entry of the exciting beam, as shown.

decay rate derived from the phase shift between the exciting light and the
fluorescence. In a practical situation this would mean that an alteration of
the position of the discharge in a microwave-powered exciting lamp would

be likely to have a large effect on the measured intensity of fluorescence

but only a slight effect on the phase angle measured at quadrature in the
normal way.

The calculated steady-state intensity is not sensitive to the value of NIT,

the number of integration steps required to reach the steady state, but the
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calculated decay rate is fairly sensitive to this parameter, especially when the
number of steps is 60 or less. This is a matter affecting the accuracy of the
calculations rather than the behaviour of a practical system. To minimize
errors from this source the value of NIT has been kept roughly constant at
100, and when comparisons have been made between results of different
calculations any remaining differences in NIT have been compensated for
with the aid of curves such as those in Fig. 4.

In many practical situations it is convenient to have a Wood’s horn,
instead of a window, where the exciting beam leaves the region of interest.
This case was simulated approximately by omitting the contribution of the
lower window to the loss of photons via the term Tky.. The results thus ob-
tained were of similar form to those which were obtained with losses from
both end windows included, the only significant difference being that the
calculated trapping times were uniformly larger, typically by a factor of
two or more depending on which part of the cell was being considered.

Comparison of observed and calculated trapping times

Results were obtained for cadmium 228.8 nm radiation with 2.5 X 10'*
cadmium atoms per cm3, for comparison with the results of Morten et al.
[7] and for argon 106.7 nm radiation at argon pressures near 107 atoms
per cm?®, for comparison with the results of Chapman et al. [8]. For the
cadmium calculations a cell of diameter 3.00 cm and length 3.50 cm was used,
with exciting beam diameter 1.60 nm and filter thickness 0.5 cm. For argon
a cell of 10 cm length and 10 cm diameter was used, with an exciting beam
diameter of 2.667 cm and filter thickness 10.0 cm. These parameters do not
agree exactly with those used in refs. 7 and 8. In ref. 7 the fluorescence cell
had Wood’s horns facing both the entrance and exit directions so that trap-
ping times would be expected to be larger by a factor of about two in com-
parison with the cell having no Wood’s horns (see Fig. 3). In ref. 8 the beam
diameter was only 1.0 cm; it appeared preferable to make the calculations
for a larger beam so that at least two volume elements could be included in
the illuminated volume. The results in Table 2 show that the agreement be-
tween observed and calculated trapping times is quite good when it is con-
sidered that the experimental systems do not correspond exactly to the
theoretical model, and that the trapping times in ref. 8 were obtained by
fitting the results to an exponential. The decrease in our calculated trap-
ping times on going from 8 X 10'® to 3 X 107 argon atoms per cm?® appears
to be associated with the large Holtsmark broadening of the absorption line
at the higher argon pressure.

Variation of trapping time and steady-state intensity with quenching rate
The aim here is to determine how well the calculated intensity and
decay time of fluorescence obey a Stern—Volmer equation of the form:

Io/I =To/T =1 +k[Q]To (23)
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TABLE 2

Comparison of observed and calculated trapping times in the absence of quencher. Values
for cadmium refer to mid-point of fluorescence cell. Trapping times T in us. Natural life-
times: 7= 2x 10 75 (Cd);7=8.3x 10 7 s (Ar). Tcac derived from phase-shift of funda-
mental component of fluorescence signal.

Resonance Atoms/cm®  Remarks Tobs Ref. T cale
line

Cd 228.8nm  25x 10 NoWood’shorn  0.98 to 1.69 [71 0.635

allowance
Cd 228.8 nm 2.5x 10  OneWood’shorn  0.98 to 1.69 (71 1.05
Ar 106.7 nm 3.0x 107 (a) 0.225 cm from 8.0 (8] 8.78
window
(b) 1.847 cm 12.30
from window
() 5.000 cm 26.04
from window
Ar 106.7 nm 8.0 x 10  (a) 5.0 [8]  10.44
(b) 13.05
(c) 17.70
Ar 106.7 nm 2.0 x 10 (a) 2.0 (8] 7.65
(b) 8.49
(c) 9.69
Ar 106.7 nm 5.0x 10%  (a) — 5.22
(b) 5.87
(c) 5.67

Equation (23), for trapping times T rather than intensities I, was used in

ref. 7 to evaluate rate constants for quenching of Cd 228.8 nm fluorescence.
Theoretical results are given in Table 3 for quenching by nitrogen, for which
the quenching rate constant given in reference 7 is 3.6 X 10~ % cm?® mole-
cule” ! 571, Values of I,/I are given both for the steady-state intensity and
for the amplitude of the fundamental component as obtained by Fourier
analysis of the output signals. The two Iy/I values are always very similar, as
is to be expected since the fundamental component is much the greatest
constituent (~95%) of the fluorescence waveform.

The main conclusion to be drawn from Table 3 is that with experimen-
tally measured trapping times a plot of T,/T versus [Q] should give kq
values of quite acceptable accuracy. The agreement with the Stern—Volmer
predictions is improved if 1/7T is plotted against [Q] instead of Ty/T), since
the T, /T values in Table 3 are systematically too high by a few percent. The
agreement of the Iy/I values with those predicted from the Stern—Volmer
equation is also good except at points close to the point of entry of the ex-
citing beam.
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TABLE 3

Calculated Ip/I and To/T values for Cd 228.8 nm radiation, at positions 0.205 cm,

1.750 em and 2.295 cm from the point of entry of the exciting beam (cell length 3.50 em).
The Jast column contains the values predicted by eqn. (23) for Q = N3 and kg = 3.6 X
10719 ¢m® molecule ™} s, with T values of 0.4418, 0.6347 and 0.4860 us, at the three
viewing positions.

Q/cm? Io/l Ioll To/T 1+kq[Q]To
(amplitude) (steady state)
1.0 x 10% 1.169 1.163 1.166 1.159
1.246 1.173 1.233 1.229
1.190 1.184 1.187 1.175
3.0 x 10'® 1.501 1.484 1.498 1.478
1.740 1.721 1.706 1.686
1.568 1.551 1.561 1.524
1.0 x 108 2.600 2.553 2.663 2.592
3.439 3.395 3.366 3.285
2.864 2.818 2.850 2.748
3.0 x 1016 5.366 5.514 6.001 5.777
8.260 8.092 8.126 7.855
6.552 6.748 6.512 6.243
6.0 x 106 8.540 8.490 11.12 10.56
14.99 14.28 15.42 14.71
11.77 11.74 12,12 11.49
1.0x 107 12.16 11.94 17.72 16.92
24.31 24.18 24.85 23.85
19.12 18.84 19.35 18.48
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